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Abstract— This paper presents the algorithm for the function 
minimization of multivalued i.e. radix >2 digital system. The ternary 
digital system which radix=3 is considered here for the 
demonstration of proposed algorithm and computer program is 
developed based on algorithm in the form of ternary map. 

As the radix of system increases, the difficulties in the 
minimization or reduction of logic function is get increases. It 
becomes difficult to for higher radix to reduce the function design 
equation. The proposed program is developed for the ternary system 
function minimization. It incorporates all designed rules for ternary 
logic system design and gives the output in the form of Sum-of-
Product (SOP) terms. 

There are different rules for the minimization of ternary logic 
based digital system that are different from the conventional binary 
digital system. Output equation of ternary digital system is in the 
form of F = F2 + 1. (F1) Where, F2 = 2’s minterms and F1 = 1’s 
minterms. The results are verified for ternary full adder and 
subtractor are tested on program and compared with truth table for 
ternary full adder and subtractor and obtained results are found to be 
accurate. 

 
Keywords— Multivalued; Radix; Sum-of-Product (SOP); 

Ternary; Unary function. 

I. INTRODUCTION 
LEXANDER gave a wonderful explanation for the 
implementation of any switching circuits natural base is 

very efficient radix i.e. e = 2.71828 [1]. So it is seen that radix 
3 is more efficient technique for implementation of digital 
system than that of 2. In ternary logic system there have been 
3 valued switching. It is possible to implement sequential as 
well as combinational circuit implementation by using ternary 
logic system and it is realized as well [2, 3]. Ternary logic 
digital system can offers some of important advantages over 
the binary logic digital systems. This advantages are 
requirements of interconnection is get reduced, so indirectly 
the chip area is also get reduced, by using ternary logic 
systems number of functions available is also increases [4].  
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Ternary logic system is a subject of research from many 
years, but in practical or a real-life VLSI application 
implementing an additional logic level is not to be designed 
yet.  

Though various ternary logic models are available in the 
literature, but all of them suffer from some of the drawbacks. 
Either there may be high power consumption or depend on 
customized technological processes, or implement 
multithreshold devices [5-7].  Many of the proposed ternary 
logic circuits use dynamic logic and consume static power [8]. 

The paper presented here is focuses merely on 
minimization of ternary logic. The ternary circuits or system 
can be implemented based on BJT, MOSFETs etc. It is 
referred as T-gates as well [9, 10]. In binary switching theory 
which is for binary circuits where uses relays or switches who 
has two positions. In this paper the minimization of function 
of output of circuit is explained. The voltage switching in 
ternary digital circuits is based on or familiar with binary 
circuit design as well as simplification techniques. The 
research is aimed towards producing the lower cost ternary 
function which has most reduced output terms. The multiple-
valued logic algebra development has proceeded since the 
pioneering papers of Lukasiewicz and Post. Since then, there 
have been many multiple-valued logic algebra developed 
[11]. There are several multivalued algebras available to 
choose among for a given digital system. One major criterion 
for selecting the appropriate algebra in which to implement 
the system should be the ease of fault detection and location 
in that algebra. These considerations provide a strong 
motivation for the study of fault detection and location 
techniques in multivalued digital circuits [12]. This paper is 
related with the minimization of ternary logic function by 
using k-map method. Here the given ternary equation is 
minimized and then it can be used for representation of digital 
circuit output. 

II. TERNARY ALGEBRA 
In binary logic system logic level is represented as 𝑍 = {0, 

1}, where 1 = true and 0 = false, similarly values in ternary 
would be the 𝑍 = {0, 1, 2}. In ternary voltage switching 
circuits the three voltage levels are presented by 0, 1 and 2. 
Here 0 represents the low, 1 represents intermediate, and 2 
represents high potential. Let consider a system 𝑍 whose 
elements called propositions or statements are valued in the 
set {0, 1, and 2}.  In 𝑍 the operations of addition (+) and 
multiplication (.) are defined [13]. 

 

A 
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                   𝑥 + 𝑦 = max(𝑥,𝑦)                                 (1) 
                  𝑥 ∙ 𝑦 = min (𝑥,𝑦)                                   (2)   

 
There is relationship which is inter related in the ternary 

logic system is [14]. 
 

Commutative:  
                  𝑥 + 𝑦 = 𝑦 + 𝑥                                       (3) 
                  𝑥 ∙ 𝑦 = 𝑦 ∙ 𝑥                                            (4) 

Associative:   
              (𝑥 + 𝑦) + 𝑧 = 𝑥 + (𝑦 + 𝑧)                         (5) 

                  𝑥 ∙ (𝑦 ∙ 𝑧) = (𝑥 ∙ 𝑦) ∙ 𝑧                             (6) 
Distributive:    

             𝑥 + 𝑦𝑧 = (𝑥 + 𝑦) ∙ (𝑥 + 𝑧)                        (7) 
              𝑥 ∙ (𝑦 + 𝑧) = 𝑥 ∙ 𝑦 + 𝑥 ∙ 𝑧                          (8) 

Absorption:      
               𝑥 + 𝑥 ∙ 𝑦 = 𝑥                                              (9) 
              𝑥 ∙ (𝑥 + 𝑦) = 𝑥                                          (10) 

Idempotent:  
            𝑥 + 𝑥 = 𝑥                                                    (11) 
           𝑥 ∙ 𝑥 = 𝑥                                                       (12) 

 
There are some law which are used to minimize the 

ternary logic system [14] this are 
 

       x0��� + x1��� + x2��� = x2���                                          (13) 
      x0���� ∙ x1��� ∙ x2��� = x0���                                              (14) 
      x0��� + x1��� = x2���                                                   (15) 
       x0��� ∙ x1��� = x0���                                                    (16) 
      x • 0 = 0                                                          (17) 
     x • 2 =  x                                                          (18) 
     x + 0 =  x                                                         (19) 
     x + 2 =  2                                                         (20) 

                              
There exist  33 =  27  different unary functions on 𝑍 to 𝑍. 

We single out them and denote [13] as shown in Table I. 
 

TABLE I 
UNARY FUNCTIONS 

 
 
 
 
 
 

Table I of unary function shows that       
    x0 + x1 + x2 = x∆                                                  (21) 

Also we can represent          
    x01  =   x0 + x1                                                  (22) 
    x12 = x1 + x2                                                     (23)                    
    x1 = x01 • x12                                                     (24) 

  

III. FUNCTION MINIMIZATION 
An output functional set which has been reduced to its 

absolute minimal form is according to the priority cost 

metrics. The remaining reduced functional sets are evaluated 
based on the degree of approximation to the absolute minimal 
functional set. There degrees reflect the order and number of 
metric matches relative to the absolute functional set on a per 
function basis. Functions associated with higher degrees shall 
have satisfied the requirements for any lower degrees. The 
coarse or lowest degree is connected to product term 
equivalence, succeeded by MIN-literal matching, and finally 
equal fundamental gate quantity having the highest degree. 
The biggest or finest degree refers to expressions which are 
reduced to their absolute smallest form. However general 
observations are as assisted by such information for a 
comprehensive assessment of the algorithms and methods 
[15]. 

Expressions consisting of equivalent quantity of product 
terms are further distinguished by the overall combined size 
of their product terms. In such instances, expressions 
associated with the lowest value produce superior reductions. 
The size of a product term consists of its fan-in requirements 
and is equal to the sum of MIN-literal for each vertex plus one 
for the term’s constant coefficient. When a MIN-literal spans 
all p logical values, then the product term is said to be 
independent of the associated vertex and its MIN-literal is 
removed from the product term. Product terms with constant 
coefficients equivalent to the highest logical value p-1, 
dispense with mining the constant coefficient along with the 
MIN-literals [15]. There are various method has been 
proposed for reduction of ternary equation such as Map 
reduction technique, Quine-McCluskey method, Scheinman's 
Binary method. The scope of this paper is restricted to 
reduction of ternary equation or simplification of ternary 
equation by using MAP method. 

There is set of some rules or protocol for joining the 
adjacent cells for minimization of the ternary function [13] i.e. 

1) The group of arrays of  3 × 1, 3 × 2, 3 × 3 cells can be 
formed to provide the output values coincide with the values 
of one of the inputs. 

2) It is permitted to join (properly) adjacent cells with equal 
output values. 

3) Multiple uses of cells for different arrays are permitted. 
4) Cells with the output value 2 can be considered as "don't 

care" for the formation of arrays with the output value 1. 
Output equation of ternary digital system is in the form of 

F1 and F2 terms i.e. 
F = F2 + 1• (F1)                                                     (25) 

 
Where,  
F2 = 2’s minterms and  
F1 = 1’s minterms. 
 

A. Two-Variable Maps 
Two variable map can be represent as shown below in fig.1 

where fif.2 represents the corresponding output values for its 
related input. 
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TABLE II 
 TERNARY TWO VARIABLES MAPS REPRESENTATION 

 0 1 2 
0 x1 x2 x3 
1 x4 x5 x6 
2 x7 x8 x9 

 
Values x1, x2…. x9 in Fig. 1 represents the  output of the 

digital system. These values may be 0, 1and 2. It may be 
possible that it is don’t care as well, here don’t care is 
represented by “×”. All the rules of map reduction can be 
applicable for two variable reduction techniques. Following 
are some example for two variable map reductions. 

 

 
Fig. 1 Ternary Two Variable Maps 

 
Example 1:- Let’s take half adder, which have the input to 

be “A”, “B" and output SUM is “Z” and CARRY is “C”. The 
Truth table for half adder is shown in table III. 

 
         TABLE III 

 TRUTH TABLE FOR HALF ADDER 
INPUT OUTPUT 

A B SUM CARRY 
Z C 

0 0 0 0 
0 1 1 0 
0 2 2 0 
1 0 1 0 
1 1 2 0 
1 2 0 1 
2 0 2 0 
2 1 0 1 
2 2 1 1 

 
The map for the table III is given in figure 2.  

 
             Fig. 2 Map for SUM And Map For CARRY 
 

In fig. 2 There is not any group can form. So directly we 
can write equation for SUM and CARRY as, 

 
SUM = A2B0 +A1B1 +A0B2 +1 ( A1B0 +A0B1+A2B2)      (26) 
CARRY =0+ 1 (A2B1+A1B2+A2B2)                                (27) 

 
Example 2:-Let consider following map 

 
Fig. 3 Map for Two Ternary Variables 

 
Consider the map given in fig.3, first consider the 2’s term 

so we grouping can be done as shown in fig.4. Here 2’s term 
in A2 column is common so take common term as A2, 
similarly second group is formed by row of B2 therefore the 
output for the given group is equal to B2 equation 28 
represents the output for the map in figure 4. 

 

 
Fig. 4 Map for Grouping Of 2’s Term 

 
Output for 2’s term is 
 

f2   =   A 2 + B2                                               (28) 
 

Similarly for grouping of 1’s term consider 2 as don’t care 
so we can group the map as shown in fig 5. Knowing that for 
grouping of 1’s term, 2’s terms are don’t care so we can make 
them “×”, Here “×” represents don’t care and the grouping is 
formed as shown in below fig.5.  

From the map shown in fig.5, reduction can be done as 
A0+A1+A2 or B0+B1+B2. Therefore from the table of unary 
function, x0+x0+x0 = x∆ = 2 can be said. then the 
output for 1’s term is 
 

f1 = 2                                     (29) 
 

 
Fig. 5 Map for Grouping Of 1’s Term 

 
The output equation for ternary system is represented by 

terms of 2’s and 1’s, so it can be writing as in the form of  
F = f1+f2 

 
Output = 2+1• A 2+B2                                               (30) 
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Example 3:- Let consider following map 

 
Fig. 6 Map for Two Ternary Variables 

 
In the map given in fig. 6 first consider the 2’s term so 

grouping is possible as shown in fig.7. Here A1 column has 
common terms of 2, and other two terms  are separated then 
final equation can be formed as  given in equation 31.  

 
Output for 2’s term is 
 

f2 = A 1 + A2B0 + A2B2                                         (31) 
 

 
Fig. 7 Map for Grouping Of 2’s Term 

 
Similarly for 1’s term grouping consider 2 as don’t care so 

we can group the map as shown in fig.8. 
 

Output for 1’s term is 
 

f1 = A0 + B0 +B2                               (32) 
 

The output equation for ternary system is represented by 
terms of 2’s and 1’s, so it can be writing as in the form of  

F = f1+f2 
 

Output = A 1 + A2B0 + A2B2 +1• A0 + B0 +B2        (33) 
 

 
Fig.8. Map for Grouping Of 1’s Term 

 
B   Three variable maps 
For three-variable functions can be draw as three- 

dimensional map as shown in Fig. 9. But it is very difficult to 
use this map for the performing operations so it is more 
convenient to use the two-dimensional map shown in Fig. 10. 
In this method of using two-dimensional map is similar to the 

two variables. Fig.5. shows grouping of consequent six 2’s 
and three 1’s combination for three variable map. 

 

 
Fig. 9 Map Three Dimensional Three Variable Maps [13] 
 

 
Fig.10 Two Dimensional Three Variable Map [13]. 

 
In fig.10 values x1, x2…. x9 represents the  output of the 

digital system. These values may be 0, 1and 2. It may be 
possible that it is don’t care as well.  

Example 1:- Let’s take   full adder, which have the input to 
be “A”, “B" and output SUM is “Z” and CARRY is “C”. The 
Truth table for full adder is given in table IV. 

 
TABLE IV 

 TRUTH TABLE FOR FULL ADDER 
INPUT OUTPUT 

A B C SUM CARRY 
Z C 

0 0 0 0 0 
0 0 1 1 0 
0 0 2 2 0 
0 1 0 1 0 
0 1 1 2 0 
0 1 2 0 1 
0 2 0 2 0 
0 2 1 0 1 
0 2 2 1 1 
1 0 0 1 0 
1 0 1 2 0 
1 0 2 0 1 
1 1 0 2 0 
1 1 1 0 1 
1 1 2 1 1 
1 2 0 0 1 
1 2 1 1 1 
1 2 2 2 1 
2 0 0 2 0 
2 0 1 0 1 
2 0 2 1 1 
2 1 0 0 1 
2 1 1 1 1 
2 1 2 2 1 
2 2 0 1 1 
2 2 1 2 1 
2 2 2 2 2 
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The map for sum is representing as shown in fig. 11. 
 From fig. 11 we see that there is not any possibility for 

grouping the element so directly we can write the equation for 
sum. 

 
Fig. 11 Map for Full Adder SUM 

 
SUM = “A2B0C0 +A1B0C 1+A0B0C2+ A1B1C0+ 

    A0B1C1+A2B1C2 +A0B2C0 +A2B2C1+          
   A1B2C2 +1 (A1B0C0+A0B0C1+A20B0C2 +   
    A0B1C0 +A2B1C1 + A1BC2+A2B2C0     

    A1B2C1+0B2C2)”                                            (34) 
 

Similarly fig. 12 shows the map for the carry here is only 
one 2’s term and other are 1’s term so we directly write 
equation for 2’s term and form group of 1’s term and find the 
output equation. Equation 35 represents output equation for 
carry in full adder fig.13. represents the grouping map for 
carry terms. 

.  
Fig.12 Map for Full Adder CARRY. 

 
From figure 13, wwe can obtain the solution as, 
CARRY =A2B2C2 +1 (A0B2C1+A0B1C2+ A0B2C2 +                

                 A1B0C2 + A2B0C1+A2B0C2+ A2B1C0  
                +A1B1C1+ A1B2C0 +A2B2C0)                      (35) 

 
Fig .13 Map For Full Adder CARRY With Grouping. 

 
Example 2:- Let consider given map of three variable and 

find out output equation for it, 

 
Fig. 14 Map for Three Variable. 

 
In map given in fig.14 first consider the 2’s term so 

grouping can be done as the shown in fig.15. Here four 
groups of 2’s terms are present, and final equation can be 
formed as given in equation 36.  

 

 
Fig .15 Map for Thee Variable Grouping for 2’s Term. 

 
F2 = C0 + C1 + C2 + B1                             (36) 

 
Similarly for 1’s term grouping considers 2 as don’t care so 

we can group the map as shown fig.16. 
 

 
Fig. 16   Map for Thee Variable Grouping for 1’s Term. 

 
F1 =   C1 + C2                              (37) 

The equation can be written in the form of   
  

                               F=F1+F2 
F = C0 + C1 + C2 + B1+ C0 + C1 + C2 + B1                    (38) 
 
Example 3:- Let consider given example for finding ternary 

output equation for it, 
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Fig .17 Map for Three Variable. 

 
Map given in fig.17 first consider the 2’s term so we can 

group as the shown in fig.18, then final equation can be 
formed as given in equation 39.  

 

 
Fig. 18 Map for Grouping Of 2’s Terms. 

 
F1 = B0 +B2 + C1 + A2                             (39) 

 
Similarly for 1’s term grouping considers 2 as don’t care so 

we can group the map as shown fig.18. The output equation 
for 1’s term is to be F1. 

 
Fig .19  Map for Full Adder CARRY With Grouping. 
 

F1 = B0 + B2                                                           (40) 
 
Final output equation is given as   
 

F = B0 +B2 + C1 + A2 + B0 + B2                           (41) 
 

IV.  APPLICATION 
Plenty of applications over MVL system have been 

developed earlier [16, 17]. A set of simultaneous equations in 
Boolean algebra are required for obtaining the minimization 
technique. Variety of applications can be developed easily 
using these minimization techniques to reduce the solution. 
Boolean equations used in this operations research are 
referred to in [17]. Reducing the complexity of the circuit is 
the major objective behind this research. Development of 
calculus for the multivalued logic algebra system is one such 
example. 

 
IV. CONCLUSION 

A ternary function minimization by a map method is gives 
simplified solution. This paper dicsribe how to write equation 
for  the ternary k-MAP. The computer based programming 
software tool can be implemented for mapping the equation. 
The computer based programming software tool can be 
extended to ‘N’ variables. 
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