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Closed-form linear stability conditions for
Magnetoconvection in a sparsely packed porous
medium
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of the sunspots and starspots motivated theoretical studies of
convection in strong magnetic field within the framework of
the Boussinesq approximation [4]. Magnetoconvection
exhibits a particularly rich variety of behavior when the ratio
of the magnetic to the thermal diffusivity is small [7].
Magnetoconvection in an electrically conducting fluid in a
nonporous medium has been studied extensively [3, 5, 8, and
10]. However, magnetoconvection in a porous medium has
received limited attention inspite of its application in
geophysical fluid dynamics problems. Rudraiah et al., [9] have
studied double diffusive convection in porous medium by
considering Darcy flow model which is relevant to densely
packed flow permeability porous media and cannot account
for inertia and boundary effects. Palm et al., [6] investigated
Rayleigh-Benard convection problem in a porous medium.
The Rayleigh-Benard convection has been extensively used to
study the motion in the earth’s interior and to understand the
mechanism of transfer of energy from the deep interior of the
earth to the shallow depths [11]. This transfer of energy plays
an important role in geothermal activities. Benerji babu et al.
[2] have investigated the problem of nonlinear rotating
magnetoconvection in a sparsely packed porous medium.
In this paper we investigate the problem of closed-form
linear stability conditions for magnetoconvection in a sparsely
packed porous medium with free-free boundary conditions. In
section II , we discuss the linear stability analysis by taking
Rayleigh number R as an independent variable. In section III,
we discuss the limit of zero magnetic diffusivity. In section
IV, we conclude the findings of the paper.

Abstract—The linear stability analysis of magnetoconvection in a
sparsely packed porous medium with free-free boundary conditions
has been thoroughly investigated by Chandrasekhar [4], who
determined the marginal stability boundary and critical wave
numbers for the onset of convection and over stability as a function
of the Chandrasekhar number Q. No closed-form formulae appeared
to exist and the results were tabulated numerically. However, by
taking the Rayleigh number R as an independent variable it is found
that the expressions are simplified remarkably when the condition is
(Pr2/ Pr1) < 1. The marginal stability boundary is described by the
curve
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where Rrb = (27 / 4) 4 is critical Rayleigh number for the onset
of stationary convection in a non-magnetic system. For (Pr2/ Pr1) > 1,
the marginal stability boundary is determined by this curve until it is
intersected by the curve
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II. LINEAR STABILITY ANALYSIS
Consider an electrically and thermally conducting fluid
between two conducting parallel plates of length infinitely
separated by distance d. A uniform magnetic field Ho is
applied in the vertical z-direction. The lower plate is heated
from below, the upper and lower plates are assumed to be
stress-free. Physical properties of the fluid are assumed to be
constant, except for the density in the buoyancy term, so that
the Boussinesq approximation is valid. The temperature
difference across the stress-free boundaries is ΔT′ and the flow
in the sparsely packed porous medium is governed by the
Darcy-Lapwood-Brinkman model. The relevant basic
equations are obtained from Benerji babu et al. [1]. Procedure
to analyze stability properties of the system have been
discussed in detail [1]. The same procedure has been utilized
herein.

I. INTRODUCTION
The original motivation for studying the effects of magnetic
field on Rayleigh Benard convection arose from the attempts
to explain the origin of sunspots and starspots. Sunspots and
starspots are dark because thermal convection is suppressed by
a strong magnetic field, which allows only weaker time
dependent motion. Thermal convection takes place in an
electrically conducting fluid of planetory or stellar dimension
only in the presence of a strong magnetic field. The existence
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The expression (27) in [1] is simplified by assuming the
condition W  sin  z, to get a third degree polynomial p of
following form:

p3  Bp2  Cp  D  0,
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The derivative of equation (7) with respect to r gives
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The dimensionless parameters required for the description
Prandtl

number

Pr2   / ,

number
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Here Rrb is the critical Rayleigh number for the onset of
stationary convection of Rayleigh-Benard convection in the
absence of magnetic field. Fig. 2 is plotted in (R, Q)-plane for
the expression (11). In this figure Q = 0 on the R-axis. From
Raxis, the curve (11) starts from R = Rrb. In (R, Q)-plane we
check the sign of D in a range of R with q = qsc(R) at a fixed Q
= Qsc. For the values {R,Q} which are on the left of the curve
(11), D > 0 and D < 0 for the values {R, Q} which are to
the right of the curve (11) and D = 0 on the curve (11).
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b. Oscillatory Convection ( 

Where r  q .
For a fixed equation (5), determines a curve given as
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Substituting   0 into equation (1), we get
can be written as
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imaginary parts we get

a.

r  q and

positive values of r, since r  q (> 0). Substituting equation
(10) into equation (5), we get critical Chandrasekhar number
Q = Qsc(R), where

Q  m H d / 40 and Darcy number Da   / d 2 .
Setting p  i in equation (1), and considering its real and
2
o
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2

Where Da → ∞. From equation (10) we consider only
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On substituting equation (8) into equation (5), we get
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Equation (9) is nothing but equation (33) in [1] at
pr2
2
q
= qsc. We can write equation (8) in terms of r as
(3)
2
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The condition D > 0 is not enough to discuss the stability of
the system. We should also to check the sign of BC − D along
with the sign of D for the stability of the system. Thus BC − D
= 0 gives

(6)

  r   2   Q 2 B1  r   2   RrB2  0,
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In (R, r)-plane R > Rsc (critical Rayleigh number for the
onset of stationary convection) there are two regions, when D
> 0 the system is stable and Unstable for D < 0. If D = 0, plot
follows a curve as shown in Fig. 1. Analytic expression (34) in
[1] has been used to find critical Rayleigh number by
considering R as a dependent variable. Similarly we can find
an analytical expression for Chandrasekhar number by
considering R as an independent variable [5]. This critical
Chandrasekhar number is computed as follows:
The equation (6) can be written as
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Ro is the Rayleigh number for oscillatory

convection. The frequency for the oscillations is given by ω2
=C or
ω2 =D/B (since R is an independent variable). If R
is a dependent variable then we get ω2 by eliminating R from
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intersection point as R increases. When Q < Qct we get
stationary convection as a first instability, while for Q > Qct
the first instability will be oscillatory convection.
Eliminating Q from equations C = 0 and D = 0, we get
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(14)
We follow similar procedure to compute analytical
expressions of critical Chandrasekhar number Qoc and critical
wave number qoc for oscillatory convection as we have
obtained Qsc and qsc for stationary convection. Here we
compute the analytical expressions Qoc and qoc directly by comparing the
equations (5) and (12) we obtain
Q  QB1 and R  RB2 .
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Equation (18), gives two Takens-Bogdanov bifurcation
points for Pr2 > Pr1 (Fig. 5). We do not get oscillatory
convection for Pr2 ≤ Pr1, since equation (18) does not give
positive roots.

Substituting above conditions into equations (10) and (11), we
get

III. IN THE LIMIT OF ZERO MAGNETIC DIFFUSIVITY
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In the limit η → 0, Pr2 → ∞ and Pr2/Pr1 >> 1, the stability
properties of the system with η → 0 can be determined by
letting Pr2 → ∞ and Q → ∞ such that Q/Pr2 is finite in the
coefficients B,C,D given by (2)-(4).
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In the (R, Q)-plane, on the R-axis Q = 0 and the curve
corresponds to (16) which always starts from R = Rrb/B2. In
this plane BC − D > 0 for the values {R, Q} which is the left
of the curve (16) and BC−D < 0 for the values {R, Q} which
are to the right of the curve (16). When BC −D > 0 and D > 0
we get one damped mode and two oscillatory modes. Thus the
system is stable in BC − D > 0 and D > 0 region. In Figs. 3a3d and 4a-4d, solid and dotted lines intersect at

If Pr2/Pr1 >> 1 and η finite but small, we will get only
oscillatory convection. If η << 1 then double-diffusive system
will behave like a single diffusive system with finite Q/Pr2
and we will get only stationary convection.
IV. CONCLUSION
We have revisited the linear problem of magnetoconvection
in a sparsely packed porous medium using Earth’s outer core
by stress-free boundary conditions. Even though free-free
boundary conditions cannot be achieved in laboratory, one can
use it in geophysical fluid dynamic applications to Earth’s
outer core since they allow simple trigonometric
eigenfunctions. Our goal is to identify the region of parameter
values, for which rolls emerge at the onset of convection.
Chandrasekhar [4] described the stationary convection and
oscillatory convection curves in the RQ- plane as curves Rs(Q)
and Ro(Q, Pr1, Pr2, Λ, ϕ,M) respectively. The critical wave
number for stationary convection and overstability (oscillatory
convection), qsc(Q) and qoc(Q, Pr1, Pr2, Λ, ϕ,M) and the
oscillation frequency of the oscillatory convection ω (Q, Pr1,
Pr2, Λ, ϕ,M) were also calculated by him. No closed formulae
for the curves defining the marginal stability boundary were
noted by him nor any for the critical number.
By considering Rayleigh number R as the independent
variable, we found in section II simple expression for the
stationary convection curve Qsc(R) and for the oscillatory
convection curve Qoc(R, Pr1, Pr2, Λ, ϕ,M) given by equations
(11) and (16). Similarly, the critical horizontal wave number
for the onset of stationary convection qsc(R) and the onset of
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The suffix ct in equation (17) stands for parameter at codimension two bifurcation point. The Rayleigh number R = Rct
is obtained by eliminating Q using equation (11) and (16). By
substituting R = Rct either equation (11) or into equation (16),
we get Q = Qct. At Qct, Qsc = Qoc and qsc = qoc. For Pr2 ≤ Pr1,
the curves Qsc and Qoc never intersect at any point in (R,Q)plane. This implies that we do not get oscillatory convection
for Pr2 ≤ Pr1. In Figs. 3a-3d Pr1 increases for fixed Pr2 and the
intersection point {Rct, Qct} moves upward. In Figs. 4a-4d the
intersection point {Rct, Qct} moves downward for a fixed ratio
Pr2/Pr1 > 1. In the above Figs. 3a-3d and 4a-4d, the frequency

2

4

changes its sign from negative to positive before the
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oscillatory convection qoc(R, Pr1, Pr2, Λ, ϕ, M) are given by
the cures (10) and (15).We have obtained explicitly Q =
Qct(Pr1, Pr2, Λ, ϕ,M) and R = Rct (Pr1, Pr2, Λ, ϕ,M) viz.
equation (17) for which we get co-dimension two bifurcation
point.We have also obtained explicitly Takens-Bogadanov
bifurcation point which is the intersection point of the neutral
curves corresponding to stationary and oscillatory convection.

Fig.4 The same as Fig. 3 with fixed ration Pr2/Pr1 = 2

Fig. 1 A typical diagram showing the stability regions of the system
for stationary convection.

Fig. 5 on solid lines we have taken Chandrasekhar number for
stationary convection and dotted lines we have taken Chandrasekhar
number for oscillatory convection. These figures are plotted for the
fixed values of Da = 1500, Λ = 0.85, ϕ = 0.9, Pr1 = 1, Pr2 = 1.5 and
M = 0.9. (a) R = 5000 (b) R = 10000 (c) R = 15000 (d) R = 20000.
Fig. 2 For the curve (11), D = 0 with q = qsc given by equation (10).
The system is stable for D > 0 and unstable for D < 0.
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