
 

Abstract— In many applications, including audio or digital 
imaging, the Nyquist rate is so high that we get too many samples, 
and designing systems that allow the acquisition of sample at 
required rate is costly and sometimes physically impossible. This 
abundance of samples has led to the development of compression 
techniques that aim to find the most concise representation of a signal 
or image making them a necessary tool for the storage or 
transmission of data. Therefore, to process and transmit or store 
digital information efficiently, we must acquire it respecting the 
Nyquist rate and then compress it using suitable algorithm. This 
process leads to a double wastage: we acquired the entire signal and 
we process the entire signal to retain only a few coefficients. Recent 
work on Compressive Sampling can overcome these disadvantages 
by changing the course of data acquisition. 
We will define in this paper, the theory of Compressive sampling, 
and we will show that it is possible using sparse reconstruction 
algorithms to recover or reconstruct a sparse signal or image with 
surprisingly fewer samples than those predicted by the Shannon 
/Nyquist theorem. 
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I. INTRODUCTION 
OMPRESSIVE sampling proposes a new framework on 
how to efficiently sample signals with a reduced number 

of sensors. This new concept retains only the significant part 
of the signal and rejects from the outset all that is superfluous, 
therefore, it does not compress, it is reconstruct a global signal 
by closing the missing information. This new theory exploits 
the fact that many signals have a sparse representation when 
expressed in the appropriate base. So a set of non-adaptive 
linear measurements of a sparse signal contains enough 
measurements to reconstruction. The success of that 
reconstruction is guaranteed with high probability if the signal 
or the image is sparse in an appropriate basis and if the 
sampling basis and sparsifying basis are incoherent. 
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II. SPARSE AND COMPRESSIBLE SIGNALS 

   In signal processing, we are interested in signals generated 
by physical systems, they can be modeled by linear 
systems, hence the need to represent the signals as vectors. 

A signal is sparse when most of its coefficients are 
approximately zero. A signal x of size N is k-sparse if x 
contains k nonzero components with k <<N. 

The sparse representations consist of the decomposition of 
the signal on a dictionary containing a number of elements 
(atoms) higher than the signal dimension. This 
decomposition will introduce in the new representation of the 
signal a lot of null values [1]. 

The signal x has a sparse representation if , in the 
base Ψ each vector x can be approximated by: 
 
                             𝑥 = ∑ 𝑠𝑖𝑁

𝑖=1 𝛹𝑖                                             (1) 
 si is column vector, si = 〈x,Ψi〉, =𝛹𝑖

𝑇𝑥, T denote the transpose. 
 

The signals that we encounter in practice are not always 
exactly sparse, for example, we meet the compressible signals, 
which are approximately sparse signals, and their coefficients 
are weakened following a power law decreasing : 

                                      |𝑥𝑖∗| ≤ 𝑅𝑖
(−1𝑞)

                                    (2) 
 

Where 𝑥∗ is a non-increasing rearrangement of x, R is some 
positive constant, and 0 < q < 1. Note that in particular, sparse 
signals are compressible. 

III. INCOHERENCE 
    Suppose we have a pair of bases (Ф, Ψ), the first base 
is used to sample the signal x and the second to represent x 
sparsely.  The coherence between the two bases is defined as 
[2]: 
                        
                       µ(Φ,Ψ) = √N max |〈Фk

TΨj〉 |                        (3) 
 

The coherence between the bases measures the highest 
correlation between two elements of the two bases. 
                     

Where Фk
T and Ψj are the kth row and jth column 

of Φ and Ψ, respectivel. 
CS is mainly interested in the basis of low coherence. For 

example, the canonical basis Φk (t) = δ (t –k) and the Fourier 
basis Ψ j = n

1
2  ei2πjt/n are perfectly incoherent. 
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We also get a low coherence by taking Ψ as 
any fixed orthonormal basis and Φ a random matrix with 
Gaussian entries uniformly distributed. 

IV. COMPRESSIVE SAMPLING 
Consider a signal 𝑥 ∈ 𝑅𝑁 that cannot be sparse in 

its original base but sparse or approximately sparse in 
appropriate base Ψ. 
                                          x= Ψs                                            (4) 
 

The sampling of the signal x of length N is performed by 
measuring M projections of x on testing vectors𝑦𝑖 = 〈𝑥,Ф𝑖〉, 
i= 1,2…M. 
                          𝑦 = Ф𝑥 = Ф𝛹𝑠                                           (5) 

The measurements y(M) are stacked in a vector of 
dimension M and the test functions  Φ𝑀

𝑇
3Tas a line in M×N 

matrix Ф. 
 

 
Fig. 1  Measurement process (k<M<N). [3] 

 
     Figure 1 describes the measurement 
process with a random measurement matrix Ф, the vector s is 
k-sparse with k = 4. 
The measurement vector y is a linear combination 
of k columns of Ф. 
    This new data acquisition mechanism marks a fundamental 
departure from the conventional data acquisition – 
compression-transmission-decompression framework: the 
conventional framework collects a vast amount of  data for 
acquiring a high-resolution  signal or image, then essentially 
discard most  of data collected in the compression stage, 
however, in CS , data are measured in a compressed manner, 
and the much reduced amount of measurements are 
transmitted or stored economically, and each  measurement is 
then utilized to recover the signal. 

V. SIGNAL AND IMAGE RECONSTRUCTION  
   The specificity of CS lies in the fact that a sparse signal or 
image x can be reconstructed from a signal y which 
contains considerably less information. 

At first sight, it seems impossible to reconstruct the signal x 
from the measurements y as the system (4) is underdetermined 
and has infinitely many solutions, but if the vector x is sparse 
then the situation will radically change. 
The problem is to recover the coefficients by solving, 
 

                              Θs=y, with Θ=ΦΨ                                  (6) 
 

Given a sparse signal in a large space, our goal is to 
reconstruct the signal efficiently from a number of linear 
measurements smaller than the dimension of the current 
signal. 

It is clear that it is theoretically possible; however, the 
difficulty lies in the construction of algorithms that 
performs this task efficiently. There are two major 
approaches for the sparse reconstruction. The first is based on 
solving a linear optimization problem minimizing a 
penalty under constraints of sparsity .We focus in our case 
on the convex penalties (typically ℓ 1) hoping that the 
choice among all the solutions of underdetermined linear 
system, the standard ℓ 1 minimum gives a solution with the 
least possible nonzero components. 
These methods provide good security and stability but they 
use linear programming. 

The second approach uses the greedy methods; these 
methods calculate the support of the signal iteratively. They 
are generally faster than optimization methods but so far, they 
do not perform as well in terms of stability. 

A. Linear Optimization: 
Find the sparse solution to underdetermined system of 

linear equations 𝛩𝑠 = 𝑦 can be summarized as follows: [4], 
[5] 
 

�̂� = 𝑎𝑟𝑔𝑚𝑖𝑛 ‖𝑠‖0 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝛩 𝑠 = 𝑦                            (7) 
                            

At first glance, this task looks difficult since (6) is an NP-
hard combinatorial problem. To overcome this difficulty, a 
whole literature has 
emerged suggesting approximations or convex relaxations of 
(6). 
However, it was proposed to replace the problem ℓ 0 (6) by 
its convex relaxation ℓ 1:                                   

 𝑠� = 𝑎𝑟𝑔𝑚𝑖𝑛 ‖𝑠‖0 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝛩 𝑠 = 𝑦                            (8) 
 

The classical approach for solving inverse problems of this 
type is the mean square (minimization of ℓ2 norm) which 
measures the signal energy:  

 𝑠� = 𝑎𝑟𝑔𝑚𝑖𝑛 ‖𝑠‖1 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝛩 𝑠 = 𝑦                               (9) 
 

This optimization admits a simple analytical solution 
�̂� = 𝛩𝑇(𝛩𝛩𝑇)−1𝑦  , unfortunately, the 
minimization ℓ 2 returns a non-sparse solution.    

 𝑠� = 𝑎𝑟𝑔𝑚𝑖𝑛 ‖𝑠‖2 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝛩 𝑠 = 𝑦                               (10) 
 

Practically, the Basis Pursuit algorithm obtains the 
decomposition that minimizes ℓ 1 norm of coefficients found 
in the sparse representation. 

To ensure an accurate reconstruction of each signal x k-
sparse, the measurement matrix Θ must satisfy the restricted 
isometry condition (RIC), we define the restricted 
isometry constant as the smallest amount that satisfies: [6],[7] 
 

(1 − 𝛿𝑘)‖𝑠‖22 ≤ ‖𝛩𝑠‖2 
2 ≤ (1 + 𝛿𝑘)‖𝑠‖22  

 
The RIC of order k with a value of δ close to 1 means 

that Θ approximately preserves the norm of any vector k-
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sparse. An equivalent description of the restricted 
isometry condition is that all subsets of k columns taken from 
Θ are almost orthogonal. 

B. Greedy Methods  
   The greedy algorithms are based on 
the iterative approximation of the coefficients of 
the signal until a convergence criterion is met, or 
alternatively by obtaining an improved evaluation of the 
sparse signal at each iteration. 
The first greedy algorithm that was developed for sparse 
reconstruction is the Matching pursuit [8]  
This algorithm was then modified by 
adding steps of directional optimization and orthogonalization. 
We focus in our paper on Orthogonal matching pursuit 
algorithm which can be explained as follows:  Since x has 
only k nonzero components, the vector y = Фx   is a linear 
combination of k columns of Ф. So OMP algorithm is used in 
this case to identify the correct signal x and therefore we need 
to determine which column of Ф participates in obtaining the 
measurement vector y. 
Algorithm [9] 

• Input 
Measurement matrix Ф  M × N. 
The measurement vector y of dimension M. 
The level of sparsity k. 

• Procedure: 
Initialize the residual r0=y, the set of index, Г0  =

∅ and the approximation x0=0. 
Find the column of Ф most correlated with the 

residual: 
𝛼𝑖 = Ф𝑖

𝑇𝑟𝑛−1 
𝑖𝑚𝑎𝑥 =  𝑎𝑟𝑔𝑚𝑎𝑥𝑖|𝛼𝑖| 

 Г𝑛 = Г𝑛−1𝑈𝑖 𝑚𝑎𝑥 
Solve the problem of least squares to obtain the 

new estimated signal. 
 

𝑥� = 𝑎𝑟𝑔𝑚𝑖𝑛‖𝑦 − ФГ𝑛  𝑥Г𝑛  ‖2 
 

Calculate the residual 
𝑟𝑛 = 𝑦 − Ф𝑥� 

 
• Output: 

An estimated x in RN 

A  residual of dimension M. 
 

The algorithm stops after k iterations Гn : Set containing the 
indices of the selected elements (Indices of the columns of the 
matrix Ф which were used.) ФГ𝑛  : Sub- matrix Ф which 
contains only the columns whose indices are in Гn.  

Here is an example of the 1D sparse signal 
reconstruction using the OMP algorithm; we generate a k-
sparse signal of dimension N. Then the signal is projected on 
an M × N measurement matrix, we obtains the measurement 
vector y of dimension M. 

 

Fig. 2  Sparse signal 
 

We use a random measurement matrix of dimension 60 
×150. 
 

 

Fig.3 Measurement vector y. 
 

OMP algorithm is applied to reconstruct the 
sparse signal from the measurements vector y. 
 
 
 
 
 
. 

 

 

 

 
Fig. 4 Reconstructed signal using OMP. 

 
The reconstructed signal (red) is identical to the original 

signal (blue) 

VI. EXPERIMENTAL RESULTS 
    We will present in this section the results we obtained 
using the two reconstructions methods previously described 
in section V. The experimental environment is an Acer 
computer with Intel(R) Core i5-480M CPU (2.66GHz) and 3G 
memory, running Windows seven and Matlab R2010a. 
Suppose we have an image X of size N×N and we vectorize it 
into a column vector x of size N×1 by concatenating the 
individual columns of X in order. 
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When designing a CS reconstruction, the identification of the 
sparsifying basis is the key for the success of the 
reconstruction. Here, we use the wavelet decomposition as 
sparsifying basis Ψ, and random basis as sampling scheme Φ. 
For the BP algorithm implementation, we use a part of the ℓ1-
Magic package proposed by [10].Then we use the Orthogonal 
Matching Pursuit greedy algorithm described in previous 
section to compare between the two methods in term of 
reconstruction quality. 

We vary the percentage of samples (number 
of measurements) taken to reconstruct the image, compare 
the computation time of each algorithm (BP and OMP) and 
calculate the PSNR for each reconstruction test. The PSNR 
computes the peak signal-to-noise ratio, in decibels, between 
two images. This ratio is often used as a quality measurement 
between the original and a compressed image. The higher the 
PSNR, the better the quality of the compressed or 
reconstructed image. [11] 

 
     𝑃𝑆𝑁𝑅(𝑥, 𝑥 �)= 10𝑙𝑜𝑔10 2552

𝑀𝑆𝐸 (𝑥,𝑥) �                          (11) 
   

   𝑀𝑆𝐸(𝑥, 𝑥� ) = 1
𝑀𝑁

∑ ∑ (𝑥𝑖𝑗 − 𝑥�𝑖𝑗)2𝑁
𝑗=1

𝑀
𝑖=1                              (12)             

 
 

TABLE I 
COMPARISON BETWEEN TWO APPROACH 

 BP OMP 
Percentage  of 
samples  

20% 40% 60% 20% 40% 60% 

Computation 
time (s) 

8.93  13.78  15.93 0.41 2.31 3.8 

PSNR (db) 25.63 30.47 35.76 24.03 28.02 32.06 
 

Table 1 summarizes the different results obtained and 
compares the speed of reconstruction for each algorithm and 
the quality of CS reconstruction in term of PSNR.  
The first observation we can make is that OMP is much faster 
than BP. 

For the two reconstructions BP and OMP, we note that, as 
the number of random measurements (samples) taken to 
perform reconstruction increases, the PSNR is better, 
and the computation time increases. 

The results we obtained coincides with what has been 
described theoretically in Section V, in fact, BP reconstruction 
gives better results but is slower than OMP reconstruction. We 
can say that OMP provides a good compromise between 
quality and speed of reconstruction.  
Here is an example of image reconstruction using both 
algorithms described in the previous section: 

 
Fig.5  Original 256×256 cameraman image. 

 
Fig.3 Reconstructed image using Basis Pursuit from 40% 

randomly selected wavelet coefficient. 
 

 
Fig. 4. Reconstructed image using Orthogonal Matching Pursuit 

from 40% randomly selected wavelet coefficient 

VII. CONCLUSION 
Compressive sampling is used in all applications where the 

task is to reconstruct a signal or an image from linear 
measurements. Its use is advantageous whenever the 
acquisition of many measures would be expensive, time 
consuming, difficult, dangerous or impossible. 

Many sparse reconstruction algorithms have been 
developed and continue to be developed to date. In this 
paper, we focused on basis pursuit and orthogonal matching 
pursuit algorithms and we have shown that they are efficient 
algorithms for sparse image reconstruction from random 
measurements, we compared these two algorithms and we 
concluded that the OMP provides a good compromise between 
quality and speed of reconstruction Multiple 
perspectives can be considered, for example, reconstruct the 
image from deterministic measures instead of random 
measures ,optimize existing reconstruction algorithms and 
apply it to more specific area of imaging (radar , astronomy 
and medical imaging). 

Relatively speaking, the emulation created by Compressive 
Sampling is comparable to that generated by wavelets there 
are two decades ago!! 
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