
  

 

Abstract—Courses in Discrete mathematics taught to 

freshmen undergraduates in computer science tend to be rather 

abstract and dry. Students are taught a variety of drill exercises 

and proof techniques using concepts such as number theory, set 

theory, logic and combinatorial mathematics. However, it is 

possible to teach problem solving and proof techniques using 

concrete examples from the fields of artificial intelligence, at a 

surprisingly elementary level, that will not only better motivate 

students, but also make it easier for them to learn abstract 

concepts and proof methods, and better prepare them for taking 

more advanced upper division computer science courses. In this 

paper a sampling of such problems is illustrated using the 

mobility of disks and balls in two and three dimensions as a case 

study. 

 

Keywords—Collision avoidance, disks and balls, algorithms, 

spatial planning, robotics, proofs, discrete mathematics.  

I. INTRODUCTION 

Students taking discrete mathematics courses as part of their 

computer science prerequisites in their freshman year, at 

colleges and universities, often have considerable trouble with 

abstract concepts and proof techniques. Furthermore, the topics 

usually covered include rather dry subjects such as logic, 

number theory, set theory, and counting techniques, which tend 

to make abstraction skills even more difficult to absorb. The 

field of geometry, a more concrete and visually intuitive subject 

matter which is conducive to facilitating the acquisition of 

abstraction and theorem proving skills, is too oft left out of 

discrete mathematics syllabi altogether. On top of that, the rise 

of the number of upper-division courses today, such as 

computer vision, computer graphics, machine learning, music 

information retrieval, pattern recognition, image processing, 

robotics, data mining, computational origami, and big data 

analysis, make increasing use of geometrical concepts 

[11]-[13], [27]-[28]. It therefore behooves teachers of discrete 

mathematics to make the courses more attractive by including 

in their syllabi geometrical problems that arise in applications 

 
Manuscript received Feb. 21, 2016. This work was supported by a grant from 

the Provost Office at New York University Abu Dhabi, in Abu Dhabi, United Arab 

Emirates, administered through the Faculty of Science. 

Dr. G. T. Toussaint is Professor of Computer Science, and Head of the 

Computer Science Program at New York University Abu Dhabi, in Abu Dhabi, 

United Arab Emirates. He is also an Affiliate Researcher at the Computer Science 

and Artificial Intelligence Laboratory at the Massachusetts Institute of 

Technology, Cambridge, MA, USA, and a Collaborator at the Center for 

Interdisciplinary Research in Music Media and Technology at the Schulich School 

of Music at McGill University in Montreal, Canada. 

 

areas such as robotics, game design, and puzzles. Not only will 

such material help to motivate the students to learn abstract 

concepts and methods of proof, but it will better prepare them 

for subsequent upper-division computer science courses. In this 

paper a sample of such problems is illustrated under the 

umbrella of spatial planning in robotics, using conceptually 

simple problems that deal with collision-free motion of disks 

and balls in the plane and 3-dimensional space. The material is 

presented in the voice of the teacher addressing the students, 

for use in one or two lectures in which student participation is 

actively sought in the form of offering conjectures that can be 

discussed and either proved or disproved in class. For students 

interested in more challenging problems the paper finishes 

with some suggestions of where to find more difficult problems 

and puzzles concerned with moving equal sized disks in the 

plane. 

II. THE INTERACTIVE LECTURE 

 

You have been invited to a strange dinner party at the house 

of an eccentric professor and are seated at a large table where a 

variety of dishes, served on plates of different sizes, is arranged 

in the center of a large table. Viewed from above, the table and 

plates may look something like the configuration illustrated in 

Figure 1. The rules that the host has outlined in the invitation 

state that you must first sit at a location of your choice, after 

which you may select one dish and move it to your location. 

However, the rules also state that you may not lift the dish off 

the table. For one thing, the dishes are heavy, and for another, 

they are filled to the brim with wine-based sauces that could 

easily spill on the precious white tablecloth. Hence you are only 

allowed to slide the plate to the location where you are sitting.  

 

 
Fig. 1. A set of dishes at the center of a table in Flatland. 

 

Another way to view this scenario is as a dinner in Flatland, 
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that classical science-fiction world made famous by the noted 

Shakespearean scholar Edwin A. Abbott [1], where people and 

objects live in two dimensions and cannot step out into the third 

dimension. The following question now arises. Is it the case 

that no matter how the chef has arranged the dishes on the 

table, and no matter where you are sitting, you will always be 

able to eat something? Or is it possible that you may go hungry? 

You are tempted to conclude that you will never go hungry; just 

select the dish nearest to you, would appear to be sound advice. 

But what exactly does ―nearest‖ mean? In geometric terms this 

problem can be stated as follows: given a collection of 

non-overlapping circular disks in the plane, can one always 

find at least one disk that can be moved by a single translation, 

an arbitrarily large distance in some direction without 

―disturbing‖ the other disks? By not disturbing the other disks 

we mean here that the translating disk never properly intersects 

the other disks although it is permitted to touch them. Pressed 

for a more precise definition of ―nearest‖ a greedy dinner guest 

quickly blurts out the following rule: (see Figure 2). Consider a 

vertical or north-south line sweeping the plane westwards until 

it touches one of the plates. Then surely this plate can be 

translated eastwards to the edge of the table. 

 

 
Fig. 2. Can the rightmost disk always be moved out first? 

 

   However, it is easy to see that this greedy dinner guest was 

thinking more with the stomach than the brain, because as 

Figure 3 illustrates, there could be smaller dishes blocking the 

path of the dish selected. We may conclude that the rule 

specified by the greedy dinner guest is incorrect. Nevertheless, 

the general idea of using a line to sweep the plane in order to 

identify an object that can be translated away from the others 

without colliding with them, is an interesting one that could be 

salvaged with a slight modification. Let us call it the line-sweep 

heuristic. Furthermore, when we use this heuristic specifically 

with the rule that the object selected is the one whose boundary 

is first touched, let us then call it the first-boundary line-sweep 

heuristic.  

   A question that arises by examining the counter-example 

illustrated in Figure 3 is: does the first-boundary line-sweep 

heuristic work for disks of equal size? The answer to this 

question is yes, and its proof is a simple exercise for the student. 

In fact, it will follow as a corollary of a more general result that 

we shall prove first. Unless stated otherwise we will continue to 

use the word disk to mean circular disk. For the moment let us 

return to our original problem in which the disks can vary in 

size. Let us also use the line-sweep heuristic to identify a disk 

that can be translated away from the others but let us modify the 

specific rule used by the greedy dinner guest. Rather than look 

for the first disk the boundary of which touches the sweep line, 

let us look instead for the first disk the center of which is 

crossed by that line. Let us call this the first-center line-sweep 

heuristic. We now prove that this rule always works. 

 
Fig. 3. The rightmost disk may be blocked by smaller disks. 

 

Theorem 1: Given n disks in the plane, the disk with center 

having the largest x-coordinate can be translated in the positive 

x-direction by an arbitrarily large distance without disturbing 

the other disks. 

Proof: Let D denote the disk with center c having the largest 

x-coordinate and refer to Figure 4. Let D′ with center c′ be any 

other disk. Let S denote the union of all half-rays parallel to the 

x-axis emanating from each point in D in the positive 

x-direction. In other words, S is the region to the right of D and 

covered by D as D is translated in the +x direction. If the 

interior of S does not contain any point of any disk other than 

D, then D is unobstructed and can be so moved. 

 
Fig. 4. Illustrating the proof of Theorem 1. 

 

Consider now disk D′ with center c′. Since D and D′ are 

non-overlapping, there exists a line L orthogonal to the 

segment cc′ such that L separates the interior of D from the 

interior of D′. Let H′ denote the half-plane determined by L that 

contains D′. By assumption, c′ has x-coordinate no greater than 

that of c. Without loss of generality, assume c′ has y-coordinate 

no greater than that of c (by mirror-symmetry about the x-axis). 

If the y-coordinates of c and c′ are equal then L is vertical and 

H′ does not intersect S. If the y-coordinate of c′ is less than that 

of c then H′ lies below line L and S above line L. Therefore D′ 

cannot intersect the interior of S. Since D′ was arbitrary, it 
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follows that no disk other than D can intersect the interior of S. 

Therefore D can be translated in the +x-direction.   Q.E.D. 

Let us now explore some of the implications of Theorem 1. 

The theorem establishes that given a collection of disks, one 

can always find at least one disk that can be moved in the 

+x-direction. However, because a disk looks the same from all 

directions in the plane, the proof of Theorem 1 does not depend 

on the x direction. The theorem actually proves a more general 

result: given a collection of disks, for every direction there 

exists at least one disk that can be moved in that direction. We 

can also use Theorem 1 to prove that for the special case when 

all the disks are equal in size, the line-sweep heuristic with the 

first boundary rule of contact will always work. Consider 

identifying the first disk that can be moved in the +x direction. 

According to Theorem 1, it is the disk whose center has the 

largest x-coordinate, denoted by xmax. If all the disks are equal 

and have the same radius r then a disk will have a center with 

largest x-coordinate if, and only if, its right-most boundary 

point also has largest x-coordinate equal to xmax+ r. Thus we 

have established that the greedy dinner guest need not analyze 

the configuration of dishes on the table to devise a strategy for 

deciding on which side of the table to sit, but can blindly rush to 

the nearest spot, wherever that may be, confident that a dish 

will always be free to slide towards the side of the table selected. 

This state of affairs is fine for a greedy dinner guest that has 

broad culinary taste and is willing to eat any of the dishes 

available. However, for a selective epicurean guest a more 

refined strategy is desirable. Such a guest may be interested in 

sitting in a location that offers the most variety of dishes. In 

more precise geometric terms our new problem is: given n disks 

in the plane, what can be said about the largest number of disks 

in the group that have the property discussed above, i.e., such 

that each disk can be translated by an arbitrary distance without 

disturbing the others? Note that we are not asking how many 

disks can be moved one after the other. We are also not asking 

how many disks can be moved simultaneously. These are 

interesting questions to be discussed later. Here the dinner 

guest is only allowed to pull one dish at one instant in time, and 

we want to know how many dishes have this property. This 

number is a measure of the variety of different foods available 

to the guest. Let us denote this number by V. Using Theorem 1 

we can obtain a partial answer to this question, but before we do 

so we define a fundamental geometric concept with extremely 

wide applications: the convex hull of a set. A set is convex 

provided that for every pair of points a and b in the set, the line 

segment connecting a and b is also in the set. The polygon in 

Figure 5 (a) on the left is not convex since the line segment 

connecting a and b is not fully contained in the polygon. On the 

other hand, the polygon (b) on the right is convex. 

 
Fig. 5. A non-convex set (a), and a convex set (b). 

Let P be a planar set of points. The convex hull of P, denoted 

by CH(P), is the minimum-area convex set containing P. A 

more computationally oriented characterization of the convex 

hull of a set of points is the intersection of all half-planes that 

contain the set. Some reflection shows that the word all in this 

characterization may be replaced by a more restrictive set: the 

half-planes determined by all pairs of points that lie on the 

boundary of the half-plane. A set of points and its convex hull is 

illustrated in Figure 6. 

 
Fig. 6. The convex hull of a set of points. 

 

Intuitively, one may think of the points as nails protruding 

from a wooden board, and the convex hull boundary as the 

shape an elastic band would take if it were stretched all around 

the nails [31]. Alternately, one can imagine picking an extreme 

nail such as the one with minimum x-coordinate, attaching an 

infinitely long string to it, and wrapping the string around all 

the nails [32]. The convex hull boundary forms a convex 

polygon. The points of P that touch this boundary we call the 

boundary points of the convex hull and denote their cardinality 

by h. It is easy to show that V is always at least as large as h 

when P is associated with the centers of the disks. 

 
Fig. 7. Every disk with center on the convex hull of the centers is free. 
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Theorem 2: V ≥ h 

Proof: Let P be the set of center points of the disks. Consider 

the convex hull of P and refer to Figure 7. Consider a disk, such 

as disk A or B for example, the centers of which lie in the set of 

boundary points of CH(P). Draw a line through one of the 

edges of the boundary of CH(P) that contains the center of A. 

Since no points of P lie in the outer open half-planes 

determined by this line, disks A and B can be translated in the 

appropriate direction.   Q.E.D. 

Note that Theorem 2 only gives a loose lower bound on V for 

a particular configuration of disks. As Figure 7 illustrates, in 

any given configuration of disks there could still be other disks 

such as C that can be moved out of the set. On the other hand, 

the theorem does provide us with a tight lower bound over all 

possible configurations of disks. Given any configuration of n 

disks in the plane (or balls in space), where n ≥ 5, then we 

always have that in the plane h ≥ 3 and in space h ≥ 4. 

Therefore, we have the following corollary to Theorem 2. 

Corollary 1: In R2 we have that V ≥ 3 and in R3 V ≥ 4. 

Let us turn now to the problem of displacing an entire 

configuration of dishes from one location of the table to 

another, such that the final configuration looks the same as the 

initial one, with the constraints that each dish can only be 

moved once and no two dishes can be moved at the same time. 

Such a situation is illustrated geometrically in Figure 8.  

 
 

Fig. 8. Translating an entire collection of disks ne at a time. 

 

Theorem 1 implies that this can always be done. Recall that 

the theorem states that the disk whose center is first crossed by 

a sweeping line, can be moved out of the collection first. This 

operation leaves a new collection of disks with one less disk. 

Applying Theorem 1 again to this new smaller collection of 

disks identifies the second disk that can be moved out. We may 

continue in this manner until all disks have been moved to their 

target destinations. In fact, it can be seen that for any direction 

θ we may project the centers of the disks orthogonally onto a 

line in the given direction, and then sort the projected points to 

obtain an ordering of the disks that will allow the required 

translation of the entire collection one disk at a time. We call 

this a translation ordering of the set of disks. Figure 9 

illustrates a translation ordering obtained by this method. 

Theorem 1 thus establishes that given a set of disks, every 

direction  admits a translation ordering of those disks in that 

direction. Once a translation ordering of the disks has been 

obtained for a given direction , an additional problem that can 

be posed to the students concerns the determination of how 

much the direction  can be rotated in clockwise and 

counterclockwise directions while maintaining the computed 

ordering. In Figure 9 the first pair of discs that will swap order 

during a counterclockwise rotation of  consists of the pair of 

disks labelled 4 and 5, whereas for a clockwise rotation of  the 

disks labelled 5 and 6 will first swap positions in the ordering. 

 
Fig. 9. A collection of disks admits a translation ordering in every direction. 

 

Our discussion so far has been restricted to Flatland—the 

2-dimensional plane. However, none of our arguments 

exploited properties of the plane that do not also hold in 

3-dimensional space. We can thus summarize the main result 

presented with the following more general theorem. 

Theorem 3: Let S be a finite set of disjoint spheres in 

3-dimensional Euclidean space R3. For every direction  in R3 

there exists a translation ordering of S in direction . 

Exploratory Problems for Students: In Corollary 1 the 

lower bound on V is a small constant because the sizes of the 

disks are not restricted. However, if we constrain the size of the 

disks, and require that some disks remain fixed, then the 

problem is more difficult. Accordingly, let S be a finite set of n 

equal-size disjoint disks in R2. What can we say for a given 

fixed value of n movable disks and k immovable disks, about 

how many disks have the property that they can be translated to 

infinity without disturbing the remaining n-1 disks, regardless 

of the original configuration? What about arbitrarily small 

translations? What about unit-size balls in R3? 

For some small values of n it is not hard to find 

configurations for which no more than three equal disks can be 

translated (even infinitessimally) without disturbing the others. 

An example for n = 6 is illustrated in Figure 10. For general 

values of n greater than 6 no solutions are known (to the 

author’s knowledge at the time of this writing). When 

infinitessimal translations are considered these problems have 

an interpretation in terms of immobility. Say you have n equal 

sized coins on a table and wanted to immobilize the lot (with 

respect to translations on the table). What configuration would 

minimize the number of coins you would have to glue to the 

table? Gluing the three shaded coins illustrated in Figure 10 
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would immobilize the three other coins as well. Clearly, the 

separability of objects is intimately related to their immobility 

[33]. However, we are getting ahead of ourselves. We will 

return to the topic of immobilizing objects with nails and by 

other means in a future paper. 

 

 
Fig. 10. Only the shaded disks can translate. 

 

At some point in the class discussion about these problems 

some students may be curious enough to wonder what can be 

said about the separability of objects that are more general than 

disks. It is then appropriate to introduce Minkowski metrics, 

and point out that the disk that has been considered thus far is a 

circle only because it is the locus of points that are equidistant 

from the center of the disk according to the Euclidean distance, 

which is a special case of the Minkowski metric, namely the 

Minkowski metric of order two. Two other Minkowski metrics 

are of particular interest in this regard, the 1st order Minkowski 

metric (also called the Manhattan metric and the taxi-cab 

distance), and the infinity-order Minkowski metric (also called 

maximum metric) [37]. The former yields disks that are 

squares rotated by 45 degrees, and the latter disks that are 

squares with sides that are vertical and horizontal (isothetic), 

that is parallel to the x and y axes. Students may then be asked 

to prove under what conditions the first-center line-sweep 

heuristic is valid to determine if an isothetic square may be 

translated without disturbing the other isothetic squares. Figure 

11 gives an example of four isothetic squares, A, B, C, and D, 

with centers a, b, c, and d, respectively, that have the property 

that for some directions the first-center-heuristic is not valid. 

Consider the first center that is crossed by the line L as it 

translates downward from infinity in a direction orthogonal to 

L. This center is point a. However, square A cannot translate in 

the direction of L* (orthogonal to L) because the lower right 

corner of square A is blocked by square B. 

 

Fig. 11. The first-center line-sweep heuristic does not necessarily work for squares. 

 

Similar problems to those covered here, but for the case in 

which the objects are axis-parallel rectangles have applications 

in computer graphics [6]. 

III. HISTORICAL REMARKS 

In 1966 the Austrian-Canadian mathematician Leo Moser 

posed the now well known Sofa Problem, which asks for the 

maximum-area rigid shape (sofa) that can be moved around a 

90-degree turn in a unit-width (L-shaped) corridor [15]. 

Although there are upper and lower bounds on the area, the 

exact value remains an open problem [14]. The problem of 

proving that, given a finite collection of solid spheres, at least 

one of them can be moved (translated) without disturbing the 

other spheres, was first posed in 1981 by McGill University 

Professor William Moser (the brother of Leo Moser) in a 

Montreal, technical report titled Research Problems in 

Discrete Geometry. This report later grew into a book with the 

same title and two additional co-authors, Peter Brass and Janos 

Pach [3]. Three years later in 1984 Robert Dawson [2] gave a 

solution to this problem and showed that in a collection of m 

balls in d dimensions there exist at least min(m, d+1) balls that 

have the property that each can be translated to infinity without 

disturbing the others. Various results on translation orderings 

of collections of spheres including the relationship between the 

number of spheres that can be translated to infinity and those 

spheres whose centers lie on the convex hull of all the centers, 

were first pointed out by the author [4]. A subsequent 

discussion of these problems appeared in the book Shaping 

Space edited by Marjorie Senechal and George Fleck [5].  

IV. CONCLUSION 

The problems described above are elementary and should be 

readily grasped by high school graduates entering college. 

Students in their sophomore year taking discrete mathematics 

courses may be interested in more challenging problems than 

those described above. Considering more general objects than 

disks, such as monotonic polygons[16] star-shaped sets [18], 

and other simple polygons [19]-[20], as well as problems in 

three dimensions complicates the solutions considerably. There 
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exist for example, collections of convex polyhedral in 

3-dimensional space such that no single polyhedron may be 

moved [2]. Here we point the reader to some recent papers that 

deal with additional problems of moving disks, and mention 

some open problems for further investigation. 

Problems that involve sliding disks of equal size are often 

called sliding-coin problems [29], [35] or penny puzzles [30]. 

Erik Demaine and co-authors [8] introduce a new family of 

one-person games that involve sliding coins from one 

configuration to another without overlapping coins. The really 

challenging problems concern solving the puzzles in two 

dimensional space with the fewest number of moves. Bereg et 

al. [7] tackle the problem of computing, for a given pair of 

initial and target configurations, each consisting of n pairwise 

disjoint disks in the plane, the minimum number of moves that 

suffice for transforming the initial configuration into the target 

configuration. They define one move of a disk in the plane as a 

sliding motion without intersecting any other disk, so that its 

center moves along an arbitrary (open) continuous curve, and 

propose efficient algorithms for computing such moves. They 

also provide bounds on the number of moves that are always 

sufficient, and sometimes necessary. Abellanas et al. [9] 

consider the same problems as those in [7], but restricting the 

motions to translations. Their lower and upper bounds left a 

gap that was improved in [10] but still remains to be closed 

completely. Interesting mathematical problems and proofs of 

optimality, suitable for undergraduate students, may be found 

in even one-dimensional sliding-coin puzzles [35]. However, it 

should be noted that although the initial and target 

configurations in these puzzles is one dimensional, the motions 

may use the second dimension (without rotations) to slide coins 

into the one-dimensional target configuration. A typical such 

puzzle considers coins of two colors and a target configuration 

in which the colors of the coins must alternate [35]-[36]. 

Goldwasser and Motwani [17] consider a version of the 

unit-disk-in-the-plane problem that models the standard 

assembly sequence problem [21]-[26], in which the goal is to 

access in sequence any given disk in the collection with the 

minimum number of translations of possibly other disks. The 

problem of reconfiguring disks constrained to lie inside a 

region such as a simple polygon also provides additional 

challenges [34]. 
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